Let R be a commutative ring. The regular digraph of ideals of R, denoted by Γ (R), is a digraph whose vertex-set is the set of all non-trivial ideals of R and, for every two distinct vertices I and J , there is an arc from I to J , whenever I contains an element x such that x y ̸ = 0 for all y ∈ J .
Introduction
Nikmehr and Shaveisi [1] introduced the notion of regular digraph of ideals of a commutative ring, denoted by −→ Γ reg (R). This work was mostly concerned with colouring of Artinian rings and some results on diameter and connectedness. Since then, authors in [2, 3] used Γ (R) instead of −→ Γ reg (R) to denote it and by considering Noetherian rings they extended those results which deal with Artinian cases. They also discussed other properties of Γ (R) such as connectedness, number of edges, independence number and some other.
In [3] the girth of Γ (R) was exactly computed and it has been proved that girth(Γ (R)) = 4 if and only if R is an indecomposable ring such that Z(I ) = Z(R) for all non-nilpotent ideals I of R. But the authors did not present any such ring. Here, in fact, we show that such a ring R is an Artinian local ring, and so Γ (R) is empty graph. Hence we conclude that the girth is never equal to four.
We use standard terminology of ring theory following [4, 5] , and [6, 7] for graph theory. But for the sake of completeness, we state some definitions and notations used throughout.
Throughout, all rings are assumed to be commutative Noetherian, with nonzero identity. Let R be a ring. By 0 is called the Nilradical of R, but by way of exception we denote it by Nil(R). Also, the set of all zero-divisors of an R-module M, which is denoted by Z (M), is the set Z (M) = {r ∈ R | r x = 0 for some nonzero element x in M}.
An element r ∈ R is called M-regular if r ̸ ∈ Z (M). We say that depth(R) = 0, whenever every non-unit element of R is a zerodivisor. Furthermore, by Ann(I ) we denote the set of all elements x ∈ R such that x I = 0. We need the following result.
The girth of Γ (R)
Remark 2.1. The girth of a simple graph G is the length of the shortest cycle in G. In [3] the girth of Γ (R) have been studied. If depth(R) ̸ = 0, then one can easily see that Γ (R) admits an infinite clique. Thus in this situation girth(Γ (R)) = 3. Thus we assume that depth(R) = 0.
The authors in [3] showed that the only possible values for the girth of Γ (R) is one of 3, 4, 6 or ∞. In the situation that R is decomposable, we have that girth(Γ (R)) ∈ {3, 6, ∞} (see the following theorems).
By recalling some main theorems, related to the girth, we will close to our main result. Finally to consider all possible cases, we need to answer when girth(Γ (R)) = 4. To this end we note that R is indecomposable. Moreover it has been proved the following theorem (see [3, Theorem 4.6] ).
Theorem 2.4. Suppose that R is indecomposable and that Γ (R) is not empty. Then the following statements are equivalent.
(i) girth(Γ (R)) = 4.
(ii) Z(I ) = Z(R) for all non-nilpotent ideals I of R.
Now our main goal is to show that girth(Γ (R)) ̸ = 4. To this end the following theorem is the key. Proof. Suppose that R is an Artinian local ring. Since R is the only non-nilpotent ideal, thus the result holds. Conversely, Z(I ) = Z(R) trivially implies that I ⊆ Z (I ) for every non-nilpotent ideals I of R. Let x be a non-nilpotent element of R which is not a unit. Since Rx ⊆ Z (Rx) and since Z (Rx) is equal to a union of finitely many prime ideals, by applying the Avoidance Prime Theorem we can see that there is t ∈ R such that t x 2 = 0 and t x ̸ = 0. In other words Ann(Rx) ⊂ Ann(Rx 2 ). Now by continuing this process one can obtain non-stop ascending chains as follows Ann(Rx) ⊂ Ann(Rx 2 ) ⊂ · · · ⊂ Ann(Rx i ) ⊂ · · · .
Since R is a Noetherian ring it is impossible. Hence we conclude that every non-unit of R is a nilpotent. Hence R must be an Artinian ring, and since it is indecomposable, R is an Artinian local ring as desired.
